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a b s t r a c t
This paper presents a simple method to order trees, unicyclic graphs and bicyclic graphs
according to their spectral radii, which is based on the application of the ‘‘majorization
theorem’’ of tree, unicyclic and bicyclic graphs, respectively. Moreover, we obtain some
new results on the order of spectral radii of unicyclic and bicyclic graphs by employing this
new method.
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1. Introduction
Throughout the paper, G = (V , E) is an undirected simple connected graph withm edges and n vertices. Ifm = n, n+ 1
and n + 2, then G is called a unicyclic, bicyclic, and tricyclic graph, respectively. Moreover, G is called a tree if m = n − 1.
Let Un and Bn denote the class of unicyclic and bicyclic graphs on n vertices, respectively. As usual, let Kn, Cn and K1,n−1 be
the complete graph, cycle and star of order n, respectively.
If di = d(vi) for i = 1, 2, . . . , n, then we call the sequence π = (d1, d2, . . . , dn) the degree sequence of G. In the following
discussions, we enumerate the degrees in non-increasing order, i.e., d1 ≥ d2 ≥ · · · ≥ dn, and let d(vi) = di. We use ∆ to
denote the maximum degree of G, i.e.,∆ = d1.
Let A(G) be the adjacency matrix of G. The characteristic polynomial of G is denoted by Φ(G, x), i.e., Φ(G, x) = det(xI −
A(G)). Since A(G) is symmetric, the eigenvalues of A(G) can be arranged as follows:
ρ1(G) ≥ ρ2(G) ≥ · · · ≥ ρn(G).
The maximum eigenvalue of A(G), denoted by ρ(G), is called the spectral radius of G. It is easy to see that ρ(G) = ρ1(G).
If G is connected, by the Perron–Frobenius Theorem [1], ρ(G) is simple and there is a unique positive unit eigenvector
f = (f (v1), . . . , f (vn))T corresponding to ρ(G). Such an eigenvector is called the Perron vector of G.
Let D(G) be the diagonal matrix whose (i, i)-entry is d(vi). The Laplacian matrix of G is L(G) = D(G) − A(G), and the
signless Laplacian matrix of G is Q (G) = D(G)+ A(G). Let Ψ (G, x) = det(xI − L(G)) and ψ(G, x) = det(xI − Q (G)). Let λ(G)
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(resp.µ(G)) be the Laplacian (resp. signless Laplacian) spectral radius of G, i.e., λ(G) (resp.µ(G)) is the largest eigenvalue of
L(G) (resp. Q (G)).
In 1981, Cvetković [2] indicated 12 directions in further investigations of graph spectra, one of which is classifying and
ordering graphs. Hence ordering graphs with various properties by their spectra, became an attractive topic (see [3–8]).
Recently, the ordering of Laplacian spectral radius and signless Laplacian spectral radius also received the attention of some
mathematics scholars [9–11]. In this paper, we introduce a simple method of ‘‘majorization theorem’’ to extend the order
of unicyclic and bicyclic graphs via their spectral radii. Moreover, we can conclude that it is not a difficult problem to order
trees, unicyclic graphs and bicyclic graphs via their spectral radii by applying this newmethod. Finally, thismethod is shown
to be suitable for ordering trees, unicyclic graphs and bicyclic graphs via their signless Laplacian spectral radii.
2. The majorization theorems of unicyclic and bicyclic graphs
For a prescribed graphic degree sequence π = (d1, d2, . . . , dn), let Γ (π) be the set of connected graphs with degree
sequence π . If
n
i=1 di = 2n (resp. 2n+ 2) and there is a connected unicyclic (resp. bicyclic) graph with degree sequence π ,
then π is called a unicyclic (resp. bicyclic) degree sequence. Suppose π = (d1, d2, . . . , dn) is a unicyclic degree sequence.
Let U∗π be the unique unicyclic graph in Γ (π), where v1, v2 and v3 are mutually adjacent, and form C , the unique cycle of
U∗π , and the remaining vertices appear in spiral like disposition with respect to C starting from v4 that is adjacent to v1 [12].
Theorem 2.1 ([12]). Let π be a unicyclic degree sequence. Then, U∗π is the unique unicyclic graph with the largest spectral radius
in Γ (π).
Let θ(p, q, r) denote the θ-graph, which is obtained from three vertex-disjoint paths (of orders p + 1, q + 1 and r + 1
respectively, where p, q, r > 0 and at most one of p, q, r equals 1) by identifying the three initial (resp. terminal) vertices
of them. Let C(p, q) denote the graph obtained from two cycles Cp and Cq by identifying a vertex of Cp with a vertex of Cq.
If π = (d1, d2, . . . , dn) is a bicyclic degree sequence, sinceni=1 di = 2n + 2, π should be one of the following four cases.
Moreover, we construct a special bicyclic graph B∗π with degree sequence π as follows (For more detail, see [13,14]).
(1) π = (4, 2, . . . , 2), where the multiplicity of 2 is n− 1. Let B∗π = C(3, n− 2).
(2) π = (3, 3, 2, . . . , 2), where the multiplicity of 2 is n− 2. Let B∗π = θ(1, 2, n− 2).
(3) dn = 1 and d2 = 2. Then we have d1 > 4, di = 2 (i = 3, 4, 5), and dj ≤ 2 (6 ≤ j ≤ n − 1). Denote by B∗π the bicyclic
graph of order n obtained from C(3, 3) and d1− 4 paths of almost equal lengths (i.e., their lengths differ by at most one)
by identifying the maximum degree vertex of C(3, 3)with one end vertex of each path of the d1 − 4 paths.
(4) dn = 1 and d1 ≥ d2 ≥ 3. Let B∗π be the bicyclic graph containing θ(2, 1, 2) as its induced subgraph, where v1 and v2 are
the two vertices of θ(2, 1, 2) of degree 3, v3 and v4 are the two vertices of θ(2, 1, 2) of degree 2. The remaining vertices
appear in spiral like dispositions with respect to B∗ starting from v5 that is adjacent to v1.
Theorem 2.2 ([14]). Let π be a bicyclic degree sequence. Then, B∗π is the unique bicyclic graph with the largest spectral radius in
Γ (π).
For the general case, Bıyıkoğlu and Leydold had proved that
Theorem 2.3 ([15,16]). Suppose π = (d1, d2, . . . , dn) is a non-increasing degree sequence. If G has the largest spectral radius
in Γ (π) with the Perron vector f , then there exists an ordering of V (G) = {v1, v2, . . . , vn} such that d(vi) = di for 1 ≤ i ≤ n,
and f (v1) ≥ f (v2) ≥ · · · ≥ f (vn).
Let NG(v) be the neighbor vertex set of v in G, where v ∈ V (G). The proofs of Theorems 2.1–2.3 depend on the following
lemma.
Lemma 2.1 ([17]). Let u, v be two vertices of the connected graph G, and w1, w2, . . . , wk (1 ≤ k ≤ d(v)) be some vertices of
NG(v) \ (NG(u) ∪ {u}). Let G′ = G+w1u+w2u+ · · · +wku−w1v −w2v − · · · −wkv. Suppose f is a Perron vector of G, if
f (u) ≥ f (v), then ρ(G′) > ρ(G).
Let π = (d0, d1, . . . , dn−1) and π ′ = (d′0, d′1, . . . , d′n−1) be two nonincreasing sequences with π ≠ π ′. If
k
i=0 di ≤k
i=0 d
′
i and
n−1
i=0 di =
n−1
i=0 d
′
i , then the sequence π
′ is said to major the sequence π and is denoted by π ▹ π ′. The next
result is well-known, for instance, see [13,18].
Lemma 2.2. Let π and π ′ be two different non-increasing graphic degree sequences. If π ▹ π ′, then there exists a series non-
increasing graphic degree sequences π1, . . . , πk such that (π =)π0 ▹ π1 ▹ · · · ▹ πk ▹ πk+1(= π ′), and πi and πi+1 differ only
in two positions, where the differences are 1 for 0 ≤ i ≤ k.
Theorem 2.4 ([19]). Let π and π ′ be two different unicyclic degree sequences with the same order. Let U∗ and U∗∗ have the
largest spectral radii in Γ (π) and Γ (π ′), respectively. If π ▹ π ′, then ρ(U∗) < ρ(U∗∗).
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Proof. Here we give a new proof different from [19]. By Lemma 2.2, we may suppose that π = (d1, . . . , dn) and π ′ =
(d′1, . . . , d′n)with di = d′i for i ≠ p, q, and dp+ 1 = d′p, dq− 1 = d′q. Since π ▹ π ′, 1 ≤ p < q ≤ n. Let f be the Perron vector
of U∗. Then, Theorem 2.3 implies that f (vp) ≥ f (vq) because p < q. By Theorem 2.1, U∗ = U∗π .
If 2 ≤ q ≤ 3, then dq ≥ 3 since U∗∗ ∈ Γ (π ′). If q ≥ 4, then dq ≥ 2. In both cases, there exists a vertex vk(k > q) such
that vk ∈ NU∗(vq) \ (NU∗(vp) ∪ {vp}). Let U = U∗ − vqvk + vpvk. Note that U is connected and U ∈ Γ (π ′). By Lemma 2.1,
ρ(U∗) < ρ(U) ≤ ρ(U∗∗). 
Theorem 2.5 ([20]). Let π and π ′ be two different bicyclic degree sequences with the same order. Let B∗ and B∗∗ have the largest
spectral radii in Γ (π) and Γ (π ′), respectively. If π ▹ π ′, then ρ(B∗) < ρ(B∗∗).
Proof. Here we give a new proof different from [20]. By Lemma 2.2, we may suppose that π = (d1, . . . , dn) and π ′ =
(d′1, . . . , d′n)with di = d′i for i ≠ p, q, and dp+ 1 = d′p, dq− 1 = d′q. Since π ▹ π ′, 1 ≤ p < q ≤ n. Let f be the Perron vector
of B∗. By Theorem 2.3, we can conclude that f (vp) ≥ f (vq) because p < q. By Theorem 2.2, B∗ = B∗π .
Case 1. dn = 1 and d2 = 2.
Then, π = (b + 4, 2, . . . , 2, 1, . . . , 1), where the multiplicity of 1 is b. Thus, π ′ = (b + 5, 2, . . . , 2, 1, . . . , 1) or
π ′ = (b+4, 3, 2, . . . , 2, 1, . . . , 1), where themultiplicity of 1 is b+1. Note that B∗ contains C(3, 3) as its induced subgraph.
Let V (C(3, 3)) = {v1, v2, v3, v4, v5}, where v1 is the vertex of degree four of C(3, 3), v2 is adjacent to v3, and v4 is adjacent
to v5.
If π ′ = (b + 5, 2, . . . , 2, 1, . . . , 1), then p = 1, q ≥ 6 and dq = 2. It is easy to see that there exists a vertex vk(k > q)
such that vk ∈ NB∗(vq) \ (NB∗(vp)∪ {vp}). Let B = B∗ − vqvk + vpvk. Note that B is connected and B ∈ Γ (π ′). By Lemma 2.1,
ρ(B∗) < ρ(B) ≤ ρ(B∗∗).
If π ′ = (b + 4, 3, 2, . . . , 2, 1, . . . , 1), without loss of generality, suppose f (v2) ≥ f (v4). Note that v5 ∈ NB∗(v4) \
(NB∗(v2) ∪ {v2}). It can be referred to as above.
Case 2. dn = 1 and d1 ≥ d2 ≥ 3.
Subcase 1. 2 ≤ q ≤ 4.
If 3 ≤ q ≤ 4, since B∗∗ is a bicyclic graph, dq ≥ 3. Then, there exists a vertex vk(k > q) such that vk ∈ NB∗(vq)\(NB∗(vp)∪
{vp}). It can be referred to as Case 1.
If q = 2 and d2 ≥ 4, it can be proved similarly with 3 ≤ q ≤ 4. If q = 2 and d2 = 3, then d′2 = 2. Hence,
π = (b + 3, 3, 2, . . . , 2, 1, . . . , 1), π ′ = (b + 4, 2, 2, . . . , 2, 1, . . . , 1), where the multiplicity of 1 is b ≥ 1. Let W1 be
the bicyclic graph obtained by attaching b paths of almost equal lengths to one vertex of degree three of θ(2, 1, 2), and
W2 be the bicyclic graph obtained by attaching b paths of almost equal lengths to the vertex of degree four of C(3, 3). By
Theorem 2.2, B∗ = W1 and B∗∗ = W2. In [21], it has been shown that ρ(B∗) < ρ(B∗∗).
Subcase 2. q ≥ 5.
Then, dq ≥ 2. By the construction of B∗, there exists a vertex vk(k > q) such that vk ∈ NB∗(vq) \ (NB∗(vp) ∪ {vp}). It can
be proved similarly with Case 1.
Case 3. π = (4, 2, . . . , 2) or π = (3, 3, 2, . . . , 2).
By Theorem 2.3, d(u) > d(v) implies that f (u) ≥ f (v). It can be proved similarly with Case 1. 
3. The newmethod and new results on the order of the spectral radii of unicyclic and bicyclic graphs
In the following, let U1 be the unicyclic graph obtained by adding one edge to two pendant vertices of K1,n−1. Let
U2, . . . ,U17 be the unicyclic graphs of order n as showed in Fig. 1.
Suppose B is a square matrix. Let aii(B) denote the entry appearing in the i-th row and the i-th column of B. In [22], we
obtained a new simple method to calculate the characteristic polynomial of an n-vertex graph with the aid of a computer
which is as follows.
Lemma 3.1 ([22]). Let G be a graph on n− k(1 ≤ k ≤ n− 2) vertices with V (G) = {vn, vn−1, . . . , vk+1}. If G′ is obtained from
G by attaching k new pendant vertices, say v1, . . . , vk, to vk+1, then
(1) Φ(G′, x) = xk · det(xIn−k − A(G) − Bn−k), where a11(A(G)) is corresponding to the vertex vk+1, and Bn−k =
diag{ kx , 0, . . . , 0}.
(2) Ψ (G′, x) = (x − 1)k · det(xIn−k − L(G) − Bn−k), where a11(L(G)) is corresponding to the vertex vk+1, and Bn−k =
diag{k+ kx−1 , 0, . . . , 0}.
(3) ψ(G′, x) = (x − 1)k · det(xIn−k − Q (G) − Bn−k), where a11(Q (G)) is corresponding to the vertex vk+1, and Bn−k =
diag{k+ kx−1 , 0, . . . , 0}.
Example 3.1. Let U2 be the n-vertex graph as shown in Fig. 1. By Lemma 3.1, we have
Φ(U2, x) = xn−4 det(B), where B =
x−
n− 4
x
−1 −1 0
−1 x −1 −1
−1 −1 x 0
0 −1 0 x
.
By using ‘‘Matlab’’, it easily follows that
Φ(U2, x) = xn−4(x4 − nx2 − 2x+ 2n− 7).
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Fig. 1. The unicyclic graphs U2, . . . ,U17 .
The next upper bound for the spectral radius is useful in the sequel.
Lemma 3.2 ([23]). If G is a connected graph with n vertices and m edges, then ρ(G) ≤ √2m− n+ 1, where equality holds if
and only if G ∼= Kn or G ∼= K1,n−1.
The order of spectral radii of unicyclic graphs attracted the attention of mathematics scholars. Up to now, the first to
eleventh largest unicyclic graphs ordered according to their spectral radii were determined, which is as follows.
Theorem 3.1 ([3–6]). Suppose n ≥ 17. If U ∈ Un \ {U1, . . . ,U11}, then ρ(U) < ρ(U11) < ρ(U10) < · · · < ρ(U1).
By using a new method different from [3–6], we extend this order to the 17th largest unicyclic graph as follows.
Theorem 3.2. Suppose n ≥ 24. If U ∈ Un \ {U1, . . . ,U17}, then ρ(U) < ρ(U17) < ρ(U16) < · · · < ρ(U1).
Proof of Theorem 3.2. It is easily checked that U1 is the unique unicyclic graph with ∆ = n − 1, U2,U3,U4 are all the
unicyclic graphs with∆ = n− 2, and U5,U6, . . . ,U16 are all the unicyclic graphs with∆ = n− 3. If U ∈ Un \ {U1, . . . ,U16},
then∆(U) ≤ n− 4. Let (b) = (n− 4, 5, 2, 1, . . . , 1). It is easily checked that U17 is the unique unicyclic graph with (b) as
its degree sequence.
Suppose the degree sequence of U is (a) = (d1, d2, d3, . . . , dn). Since U ∈ Un \ {U1, . . . ,U17}, n−4 ≥ d1 ≥ d2 ≥ d3 ≥ 2.
If (a) ≠ (b), then (a) ▹ (b). By Theorem 2.4, we can conclude that ρ(U) < ρ(U17). Thus, we only need to show that
ρ(U17) < ρ(U16) < · · · < ρ(U13) < ρ(U12) by Theorem 3.1.
By Lemma 3.1, we have
(1a) Φ(U12, x) = xn−6

x6 − nx4 + (3n− 13)x2 − n+ 5.
(2a) Φ(U13, x) = xn−6

x6 − nx4 + (3n− 12)x2 − 2n+ 12.
(3a) Φ(U14, x) = xn−4

x4 − nx2 + 3n− 13.
(4a) Φ(U15, x) = xn−5(x+ 1)

x4 − x3 − (n− 1)x2 + (n− 3)x+ 2n− 8.
(5a) Φ(U16, x) = xn−6(x2 + x− 1)

x4 − x3 − (n− 2)x2 + (n− 3)x+ n− 5.
(6a) Φ(U17, x) = xn−4

x4 − nx2 − 2x+ 4n− 21.
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We divide the proof into the next five stages.
(1) ρ(U13) < ρ(U12).
Let f1(x) = x6− nx4+ (3n− 13)x2− n+ 5 and f2(x) = x6− nx4+ (3n− 12)x2− 2n+ 12. By Eqs. (1a)–(2a), ρ(U12) and
ρ(U13) equal to the maximum roots of the equations f1(x) = 0 and f2(x) = 0, respectively. Since U12 and U13 have K1,n−3 as
their proper subgraph, it follows that
√
n− 3 = ρ(K1,n−3) < min{ρ(U12), ρ(U13)}. When x >
√
n− 3, we have
f1(x)− f2(x) = −x2 + n− 7 < 0.
Thus, ρ(U13) < ρ(U12) because min{ρ(U12), ρ(U13)} >
√
n− 3.
(2) ρ(U14) < ρ(U13).
By Lemma 3.2, we have max{ρ(U13), ρ(U14)} <
√
n+ 1. When 0 < x < √n+ 1, by Eqs. (2a)–(3a) it follows that
Φ(U13, x)− Φ(U14, x) = xn−6(x2 − 2n+ 12) < 0.
Thus, ρ(U14) < ρ(U13) because ρ(U13), ρ(U14) ∈ (0,
√
n+ 1).
(3) ρ(U15) < ρ(U14).
By Eqs. (3a)–(4a), it follows that
Φ(U14, x)− Φ(U15, x) = 2xn−5(x2 − x− n+ 4). (1)
When 1 <
√
n− 3 < x < √n+ 1, we get
x2 − x− n+ 4 < n+ 1−√n+ 1− n+ 4 = 5−√n+ 1 ≤ 0.
Note that min{ρ(U14), ρ(U15)} > ρ(K1,n−3) =
√
n− 3 > 1 and max{ρ(U14), ρ(U15)} <
√
n+ 1. Thus, Eq. (1) implies
that ρ(U15) < ρ(U14).
(4) ρ(U16) < ρ(U15).
Let f3(x) = x4− x3− (n− 1)x2+ (n− 3)x+ 2n− 8 and f4(x) = x4− x3− (n− 2)x2+ (n− 3)x+ n− 5. By Eqs. (4a)–(5a),
ρ(U15) and ρ(U16) equal to the maximum roots of equations f3(x) = 0 and f4(x) = 0, respectively. When x >
√
n− 3, we
have
f3(x)− f4(x) = −x2 + n− 3 < 0.
Thus, ρ(U16) < ρ(U15) because min{ρ(U15), ρ(U16)} >
√
n− 3.
(5) ρ(U17) < ρ(U16).
Let f5(x) = x4 − nx2 − 2x + 4n − 21. By Eq. (6a), ρ(U17) equals to the maximum root of the equation f5(x) = 0.
Since U16 and U17 have K1,n−4 as their proper subgraph, we have 1 <
√
n− 4 = ρ(K1,n−4) < min{ρ(U16), ρ(U17)}. Let
γ1(x) = f4(x) − f5(x) = −x3 + 2x2 + (n − 1)x − 3n + 16. When x >
√
n− 4 > 1, since γ ′′1 (x) = −6x + 4 < 0,
γ ′1(x) = −3x2 + 4x+ (n− 1) < γ ′1(
√
n− 4) = 4√n− 4− 2n+ 11 < 0. Thus, when x > √n− 4 > 1,
f4(x)− f5(x) = γ1(x) = −x3 + 2x2 + (n− 1)x− 3n+ 16 < γ1(
√
n− 4) = 3√n− 4− n+ 8 < 0.
Therefore, ρ(U17) < ρ(U16) because min{ρ(U16), ρ(U17)} >
√
n− 4. 
Let B1, . . . , B12 be the bicyclic graphs on n vertices as shown in Fig. 2. Recently, some scholars turned their attention to
the order of spectral radii of bicyclic graphs on n vertices, and they obtained the first five bicyclic graphs in this order as
follows.
Theorem 3.3 ([7,8]). Suppose n ≥ 12. If B ∈ Bn \ {B1, B2, . . . , B5}, then ρ(B) < ρ(B5) < ρ(B4) < · · · < ρ(B1).
Next we shall use the ‘‘majorization theorem’’ method to extend this order to the 12th largest bicyclic graph.
Theorem 3.4. Suppose n ≥ 24. If B ∈ Bn \ {B1, B2, . . . , B12}, then ρ(B) < ρ(B12) < ρ(B11) < · · · < ρ(B1).
Proof. The proof of this result is similar to Theorem 3.2. It can be easily seen that B1, B2 are all the bicyclic graphs with∆ =
n− 1, B3, . . . , B11 are all the bicyclic graphs with∆ = n− 2. Suppose the degree sequence of B is (a) = (d1, d2, d3, . . . , dn).
Since B ∈ Bn \ {B1, . . . , B12}, n− 3 ≥ d1 ≥ d2 ≥ d3 ≥ d4 ≥ 2. Let (b) = (n− 3, 5, 2, 2, 1, . . . , 1). Clearly, B12 is the unique
bicyclic graph with (b) as its degree sequence. If (a) ≠ (b), then (a) ▹ (b). By Theorem 2.5, ρ(B) < ρ(B12). To complete the
proof, we only need to show that ρ(B12) < ρ(B11) < · · · < ρ(B7) < ρ(B6) by Theorem 3.3.
By Lemma 3.1, we have
(1b) Φ(B6, x) = xn−6(x+ 1)

x5 − x4 − nx3 + (n− 4)x2 + (2n− 5)x− 2n+ 11.
(2b) Φ(B7, x) = xn−8(x− 1)2(x+ 1)2

x4 − (n− 1)x2 − 4x+ n− 7.
(3b) Φ(B8, x) = xn−5(x+ 1)

x4 − x3 − nx2 + (n− 4)x+ 2n− 8.
(4b) Φ(B9, x) = xn−6

x6 − (n+ 1)x4 − 2x3 + (3n− 11)x2 − n+ 5.
(5b) Φ(B10, x) = xn−6(x+ 1)

x5 − x4 − nx3 + (n− 2)x2 + (2n− 8)x− 2n+ 12.
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Fig. 2. The bicyclic graphs B1, . . . , B12 .
(6b) Φ(B11, x) = xn−4

x4 − (n+ 1)x2 + 3n− 15.
(7b) Φ(B12, x) = xn−4(x+ 2)

x3 − 2x2 − (n− 3)x+ 2n− 10.
We divide the proof into the next six stages.
(1) ρ(B12) < ρ(B11).
Since B11 and B12 have K1,n−3 as their proper subgraph, min{ρ(B11), ρ(B12)} > ρ(K1,n−3) =
√
n− 3 > 1. When
24 ≤ n ≤ 26, it can be easily checked that the result follows by Eqs. (6b)–(7b). We only need to consider the case of
n ≥ 27 in the following. By Lemma 3.2, it follows that max{ρ(B12), ρ(B11)} <
√
n+ 3. When√n− 3 < x < √n+ 3, by
Eqs. (6b)–(7b) we have
Φ(B11, x)− Φ(B12, x) = xn−4(4x− n+ 5) < xn−4

4
√
n+ 3− n+ 5

< 0.
Thus, ρ(B12) < ρ(B11) because ρ(B12), ρ(B11) ∈ (
√
n− 3,√n+ 3).
(2) ρ(B11) < ρ(B10).
Let ϕ1(x) = (x+ 1)

x5 − x4 − nx3 + (n− 2)x2 + (2n− 8)x− 2n+ 12 and ϕ2(x) = x2(x4 − (n+ 1)x2 + 3n− 15). By
Eqs. (5b)–(6b), ρ(B10) and ρ(B11) equal to the maximum roots of equations ϕ1(x) = 0 and ϕ2(x) = 0, respectively. Since B10
and B11 have K1,n−2 as their proper subgraph, 1 <
√
n− 2 = ρ(K1,n−2) < min{ρ(B10), ρ(B11)}. Let γ1(x) = ϕ1(x)−ϕ2(x) =
−2x3+5x2+4x−2n+12.When x > √n− 2 > 1, since γ ′′1 (x) = −12x+10 < 0, γ ′1(x) = −6x2+10x+4 < γ ′1(
√
n− 2) =
−6n+ 16+ 10√n− 2 < 0. Thus, when x > √n− 2 > 1, we have
ϕ1(x)− ϕ2(x) = γ1(x) = −2x3 + 5x2 + 4x− 2n+ 12 < γ1(
√
n− 2) = (−2n+ 8)√n− 2+ 3n+ 2 < 0.
Therefore, ρ(B11) < ρ(B10) because min{ρ(B10), ρ(B11)} >
√
n− 2.
(3) ρ(B10) < ρ(B9).
Since B9 and B10 have K1,n−2 as their proper subgraph, 1 <
√
n− 2 = ρ(K1,n−2) < min{ρ(B9), ρ(B10)}. Let γ2(x) =
−x2 − 4x + n − 7. When x > √n− 2 > 1, since γ ′2(x) = −2x − 4 < 0, γ2(x) = −x2 − 4x + n − 7 < γ2(
√
n− 2) =
−4√n− 2− 5 < 0. Thus, when x > √n− 2, we have
Φ(B9, x)− Φ(B10, x) = xn−6(−x2 − 4x+ n− 7) = xn−6γ2(x) < 0.
Therefore, ρ(B10) < ρ(B9) because min{ρ(B9), ρ(B10)} >
√
n− 2.
(4) ρ(B9) < ρ(B8).
Let ϕ3(x) = x(x + 1)

x4 − x3 − nx2 + (n− 4)x+ 2n− 8 and ϕ4(x) = x6 − (n + 1)x4 − 2x3 + (3n − 11)x2 − n + 5.
By Eqs. (3b)–(4b), ρ(B8) and ρ(B9) equal to the maximum roots of equations ϕ3(x) = 0 and ϕ4(x) = 0, respectively. Let
γ3(x) = ϕ3(x) − ϕ4(x) = −2x3 − x2 + (2n − 8)x + n − 5. When x >
√
n− 2 > 1, since γ ′′3 (x) = −12x − 2 < 0,
γ ′3(x) = −6x2 − 2x+ 2n− 8 < γ ′3(
√
n− 2) = −4n+ 4− 2√n− 2 < 0. Thus,
ϕ3(x)− ϕ4(x) = −2x3 − x2 + (2n− 8)x+ n− 5 = γ3(x) < γ3(
√
n− 2) = −4√n− 2− 3 < 0.
Therefore, ρ(B9) < ρ(B8) because min{ρ(B8), ρ(B9)} >
√
n− 2.
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(5) ρ(B8) < ρ(B7).
Letϕ5(x) = x4−(n−1)x2−4x+n−7 andϕ6(x) = x4−x3−nx2+(n−4)x+2n−8. By Eqs. (2b)–(3b),ρ(B7) andρ(B8) equal
to themaximumroots of the equationsϕ5(x) = 0 andϕ6(x) = 0, respectively. Letγ4(x) = ϕ5(x)−ϕ6(x) = x3+x2−nx−n+1.
Suppose α is the maximum root of γ4(x) = 0. Since γ4(−n) = −n3 + 2n2 − n + 1 < 0, γ4(−1) = 1 > 0,
γ4(
√
n− 2) = −2√n− 2 − 1 < 0 and γ4(
√
n+ 3) = 3√n+ 3 + 4 > 0, √n− 2 < α < √n+ 3. Moreover, since
limx→+∞ γ4(x) = +∞, γ4(x) < 0 when
√
n− 2 < x < α, and γ4(x) > 0 when x > α.
It is easy to see that ϕ5(x) = (x− 1)γ4(x)+ γ5(x) and ϕ6(x) = (x− 2)γ4(x)+ γ5(x), where γ5(x) = 2x2 − 5x− 6. Note
that 1.25 is the unique root of γ ′5(x) = 0 and 1.25 <
√
n− 2. Thus, γ5(x) > γ5(
√
n− 2) = 2n − 10 − 5√n− 2 > 0 for
x >
√
n− 2. Therefore, when x ≥ α > √n− 2, we have ϕ5(x) > 0 and ϕ6(x) > 0. Thus, ρ(B7) < α and ρ(B8) < α.
Note that ϕ5(x)− ϕ6(x) = γ4(x) < 0 for x ∈ (
√
n− 2, α). Thus, ρ(B8) < ρ(B7) because ρ(B7), ρ(B8) ∈ (
√
n− 2, α).
(6) ρ(B7) < ρ(B6).
When x >
√
n− 2 and n ≥ 24, we have
Φ(B7, x)− Φ(B6, x) = xn−8(x+ 1)(x3 + x2 − (n− 3)x+ n− 7) > xn−7(x+ 1)(x2 − (n− 3)) > 0.
Note that min{ρ(B6), ρ(B7)} >
√
n− 2. Thus, ρ(B7) < ρ(B6).
By combining the above arguments, this completes the proof of this result. 
Remark 3.1. Actually,we can extend the orders of Theorems3.2 and3.4 by using the similarmethod. Here,we only illustrate
the application of this newmethod. Moreover, by applying Theorems 2.4 and 2.5, we can see that it is not a difficult problem
to order unicyclic graphs or bicyclic graphs according to their largest spectral radii.
If m = n + c − 1, then G is called a c-cyclic graph. In general, we can consider the problem: can we use the similar
method to deal with the order of c-cyclic graphs according to their largest spectral radii? Unfortunately, the answer is
negative because there does not exist the analogous ‘‘majorization theorem’’ between two c-cyclic degree sequences for
any c. Actually, a counterexample is found to the ‘‘majorization theorem’’ between two tricyclic degree sequences in [15].
Moreover, Bıyıkoğlu and Leydold [16] had shown that
Theorem 3.5 ([16]). Let π and π ′ be two different tree degree sequences with the same order. Let T ∗ and T ∗∗ have the largest
spectral radii in Γ (π) and Γ (π ′), respectively. If π ▹ π ′, then ρ(T ∗) < ρ(T ∗∗).
Thus, we can also employ the similar method as in Theorems 3.2 and 3.4 to deal with the order of trees according to their
largest spectral radii. So, it is also not a difficult problem to order trees via their largest spectral radii by Theorem 3.5.
4. The Laplacian and signless Laplacian spectral radii of graphs
As referred above, the ‘‘majorization theorem’’ play an important role in the new method of the order of the largest
spectral radii. Fortunately, the following ‘‘majorization theorems’’ have also been proved.
Theorem 4.1 ([24]). Let π and π ′ be two different tree degree sequences with the same order. Let T ∗ and T ∗∗ have the largest
Laplacian spectral radii in Γ (π) and Γ (π ′), respectively. If π ▹ π ′, then λ(T ∗) < λ(T ∗∗).
Theorem 4.2 ([25]). Let π and π ′ be two different unicyclic degree sequences with the same order. Let U∗ and U∗∗ have the
largest signless Laplacian spectral radii in Γ (π) and Γ (π ′), respectively. If π ▹ π ′, then µ(U∗) < µ(U∗∗).
Theorem 4.3 ([13]). Let π and π ′ be two different bicyclic degree sequences with the same order. Let B∗ and B∗∗ have the largest
signless Laplacian spectral radii in Γ (π) and Γ (π ′), respectively. If π ▹ π ′, then µ(B∗) < µ(B∗∗).
Note that λ(G) = µ(G) if G is a tree (see [24]). Thus, we can also employ the similar method as in Theorems 3.2 and 3.4 to
deal with the order of trees according to their largest (resp. signless) Laplacian spectral radii by Theorem 4.1 and Lemma 3.1,
andwe can also deal with the order of unicyclic and bicyclic graphs according to their largest signless Laplacian spectral radii
by Theorems 4.2 and 4.3 and Lemma 3.1.
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